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ON THE RIGIDITY OF MODULI OF CURVES IN ARBITRARY
CHARACTERISTIC
BARBARA FANTECHI AND ALEX MASSARENTI
Abstract. The stack Mg,n of stable curves and its coarse moduli space Mg,n are defined over Z,
and therefore over any field. Over an algebraically closed field of characteristic zero, in [Hac] Hacking
showed that Mg,n is rigid (a conjecture of Kapranov), in [BM], [Ma] Bruno and Mella for g = 0,
and the second author for g ≥ 1 showed that its automorphism group is the symmetric group Sn,
permuting marked points unless (g, n) ∈ {(0, 4), (1, 1), (1, 2)}.
The methods used in the papers above do not extend to positive characteristic. We show that in
characteristic p > 0, the rigidity of Mg,n, with the same exceptions as over C, implies that its auto-
morphism group is Sn. We prove that, over any perfect field, M0,n is rigid and deduce that, over any
field, Aut(M0,n) ∼= Sn for n ≥ 5.
Going back to characteristic zero, we prove that for g + n > 4, the coarse moduli space Mg,n is rigid,
extending a result of Hacking who had proven it has no locally trivial deformations. Finally, we show
that M1,2 is not rigid, although it does not admit locally trivial deformations, by explicitly computing
his Kuranishi family.
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Introduction
The stackMg,n parametrizing Deligne-Mumford stable curves and its coarse moduli space Mg,n are
among the most fascinating and widely studied objects in algebraic geometry. A remarkable property
ofMg,n is that it is smooth and proper over Spec(Z), and thusMRg,n is defined over any commutative
ring R via base change
MRg,n Mg,n
Spec(R) Spec(Z)
By [KM] the formation of the coarse moduli space is compatible with flat base change; we write M
R
g,n
for the coarse moduli scheme ofMRg,n.
The symmetric group Sn acts via permutations of the marked points onM
R
g,n andM
R
g,n for every ring
R. The biregular automorphisms of the moduli spaceMg,n, and of its Deligne-Mumford compactification
Mg,n have been studied in a series of papers [BM], [Ro], [Li1], [Li2], [GKM] and [Ma].
It is known that, with a short and explicit list of exceptions, over the field of complex numbers both the
automorphism groups of the stack and of the coarse moduli space are isomorphic to Sn, see Appendix
A for details.
Date: August 24, 2018.
2010 Mathematics Subject Classification. Primary 14H10; Secondary 14D22, 14D23, 14D06.
Key words and phrases. Moduli space of curves, infinitesimal deformations, positive characteristic, automorphisms.
1
ar
X
iv
:1
40
7.
22
84
v2
  [
ma
th.
AG
]  
8 N
ov
 20
15
2 BARBARA FANTECHI AND ALEX MASSARENTI
In Section 1 we first study how automorphisms of a scheme behave with respect to field extensions,
and then, given a scheme X → Spec(A) over a local ring A with residue filed K and generic point ξ ∈
Spec(A), we show how the infinitesimal rigidity of XK plays a fundamental role in lifting automorphisms
of XK to automorphisms of Xξ.
Finally, in Section 6 we apply these results together with the rigidity results in Section 3 toM
K
0,n, with
K a field of positive characteristic and A = W (K) the ring of Witt vector over K, in order to compute
the automorphism group of M
K
0,n. The main results on the automorphism groups in Proposition 4.4,
Theorem 6.3 and Appendix A can be summarized as follows:
Theorem 1. Let K be any field. Then
Aut(M
K
0,n)
∼= Sn
for any n ≥ 5, and Aut(MK0,4) ∼= PGL(2). If char(K) 6= 2, 2g − 2 + n ≥ 3, (g, n) 6= (2, 1) and n ≥ 1
then
Aut(MKg,n) ∼= Aut(M
K
g,n)
∼= Sn.
Over any field K of characteristic zero we have that Aut(MKg ) ∼= Aut(M
K
g ) for any g ≥ 2, and
Aut(MK2,1) ∼= Aut(M
K
2,1) are trivial .
Finally if K is an algebraically closed field with char(K) 6= 2, 3 we have
Aut(M
K
1,2)
∼= (K∗)2
while Aut(MK1,2) is trivial, Aut(M
K
1,1)
∼= K∗, and Aut(MK1,1) ∼= PGL(2).
The rigidity of the moduli stack of stable curves is interesting in its own sake, as a special case of the
following conjecture proposed by M. Kapranov in [Ka]:
Conjecture. Let X be a smooth scheme, and let X1 be the moduli space of deformations of X, X2
the moduli space of deformations of X1, and so on. Then Xdim(X) is rigid, that is it does not have
infinitesimal deformations.
Over a field of characteristic zero the rigidity of the stack Mg,n has been proven by P. Hacking in
[Hac, Theorem 2.1]. Furthermore, by [Hac, Theorems 2.3], the coarse moduli space Mg,n does not have
non-trivial, locally trivial deformations if (g, n) /∈ {(1, 2), (2, 0), (2, 1), (3, 0)}.
In Section 2 we review Hacking’s proof and explain why it fails to extend to positive characteristic;
the main problem is the lack of a suitable version of Kodaira vanishing. We then show that the requested
vanishing can be proven directly in genus zero, thus establishing the rigidity of M
K
0,n = M
K
0,n for any
field K, and hence deducing that its automorphism group if Sn for n ≥ 5.
Finally, in Section 5 we address a question Hacking left open, namely the rigidity of the scheme M
K
g,n
when K is an algebraically closed field of characteristic zero. We show that the Kuranishi family of
M
K
1,2 is non-singular of dimension six and that the general deformation is smooth; for g+n > 4 we show
that M
K
g,n is rigid. This provides an interesting example of a rigid scheme whose singularities are not
locally rigid. The main result in [Hac] together with Theorems 3.1, 5.5, 4.8, 5.13 can be summarized in
the following statement:
Theorem 2. Over any field K the moduli space M
K
0,n is rigid for any n ≥ 3. If K is an algebraically
closed field of characteristic zero then the stackMKg,n is rigid, and its coarse moduli space M
K
g,n is rigid
if g + n > 4 and does not have locally trivial deformations if g + n ≥ 4.
Finally, the coarse moduli space M
K
1,2 does not have locally trivial deformations, while its family of first
order infinitesimal deformations is non-singular of dimension six and the general deformation is smooth.
Finally, we would like to mention that recently the non-commutative rigidity ofMg,n, in characteristic
zero, has been proven by means of the vanishing of the second Hochschild cohomology by S. Okawa and
T. Sano in [OS].
1. Automorphisms and rigidity
First of all, we need some elementary results on the behavior of automorphisms with respect to field
extensions. In the following by orbifold we always mean a non-singular Deligne-Mumford stack with
trivial general stabilizer; this assumption implies that the automorphism groupoid is rigid, hence can
be identified with a group.
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Remark 1.1. Let K ⊆ L be a field extension, XK a scheme, or an orbifold, over K and XL :=
XK×Spec(K)Spec(L). Any morphism fK : XK → XK overK induces a unique morphism fL : XL → XL
over L by the universal property of the fiber product applied to the following commutative diagram.
XL XL
XK XK
Spec(L) Spec(K)
fL
fK
Lemma 1.2. Let K ⊆ L be a field extension, XK a scheme over K and XL := XK ×Spec(K) Spec(L).
Then there exists an injective morphism of groups
χ : Aut(XK)→ Aut(XL)
Proof. The morphism is an immediate consequence of Remark 1.1. To prove injectivity, let φK ∈
Aut(XK) be an automorphism such that the induced automorphism φL ∈ Aut(XL) is the identity; we
need to show the φK is also the identity. Being the identity is local in the étale topology, so we may
assume X = Spec(A) with A a K-algebra and φK induced by f ∈ Aut(A). We have that f − IdA is a
K-linear automorphism of A which is zero when tensored with L, therefore it is zero. 
In the rest of this section A will be a local ring with maximal ideal m and residue field K, which
is complete in the m-adic topology. Let X be a Deligne-Mumford stack and f : X → Spec(A) be
a proper, flat morphism. Let An := A/mn+1, and Xn := X ×Spec(A) Spec(An). Write Aut(Xn/An)
for the automorphism group of Xn over Spec(An). Let ξ be the generic point of Spec(A) and Xξ the
corresponding fiber of X. Assume that X0 is either a scheme or an orbifold.
Lemma 1.3. Assume that X0 is smooth, then for every n ≥ 0 there is an exact sequence of sets
0→ H0(X0, TX0)⊗mn/mn+1 → Aut(Xn+1)→ Aut(Xn)→ H1(X0, TX0)⊗mn/mn+1
where α : Aut(Xn+1)→ Aut(Xn) is the restriction map. In particular, if Hi(X0, TX0) = 0 for i = 0, 1,
then Aut(X/A) is formally étale over A.
Proof. By exact sequence we mean that an element f ∈ Aut(Xn/An) is in the image of α if and only
if its image in H1(X0, TX0) ⊗ mn/mn+1 is zero, and in this case the set of inverse images is naturally
a principal homogeneous space for the group H0(X0, TX0) ⊗ mn/mn+1. The statement follows from
[Ill, Proposition III. 2.2.2] by observing that since X is smooth over Spec(A) the cotangent complex is
LX/A = ΩX/A. 
Remark 1.4. If we only assume that X0 is reduced Lemma 1.3 still hold with Ext1(ΩX0 ,OX0) in place
of H1(X0, TX0); this is an easy and well-known computation.
Definition 1.5. LetX be a scheme over a field. We will say it is rigid if it has no non-trivial infinitesimal
deformations; if X is smooth, this is equivalent to H1(X,TX) = 0 and if X is generically reduced this
is equivalent to Ext1(ΩX ,OX) = 0.
Theorem 1.6. Assume that X → Spec(A) is a proper, separated morphism of schemes, that X0 →
Spec(A/m) is generically reduced and rigid, and that H0(Xξ, TXξ) = 0. Then there is a natural injective
morphism of groups
χ : Aut(X0)→ Aut(Xξ).
Proof. We have a family of infinitesimal deformations {Xn}n≥0 where Xn is a scheme over An. Since
X0 is rigid, by semi-continuity H0(Xξ, TXξ) = 0 implies H0(X0, TX0) = 0.
Lemma 1.3 implies that any automorphism of Xn lifts to a unique automorphism of Xn+1. Therefore,
starting with an automorphism φ := φ0 ∈ Aut(X0) we may construct a family of automorphisms
φ• = {φn}n≥0, where φn is an automorphism of Xn. The direct limit
X̂ = lim−→
n
Xn → Spf(A)
is a formal scheme over the formal spectrum Spf(A) of A. By [FAG, Section 8.1.5] φ• induces a unique
automorphism φ̂ : X̂ → X̂, and by [FAG, Corollary 8.4.7] φ̂ in turn induces an unique automorphism φ
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of X → Spec(A). Let Xξ be the general fiber of X → Spec(A). By taking the restriction of φ to Xξ we
get a morphism of groups
χ : Aut(X0) −→ Aut(Xξ)
φ 7−→ φ|Xξ
Clearly if φ and ψ are two automorphisms of X0 inducing the same automorphism of Xξ then φ = ψ
because ξ is the general point of Spec(A) and X is separated. In particular φ and ψ coincide on the
special fiber X0, that is φ = ψ. So the morphism χ is injective. 
We will need to following result in order to study the automorphism group of the stackMg,n.
Proposition 1.7. Let X be a separated orbifold over an affine scheme S and let X be its coarse moduli
space. Then there exists an injective morphism of groups
χ : Aut(X/S)→ Aut(X/S).
Proof. Since the natural map pi : X → X is universal for morphisms in schemes for any φ ∈ Aut(X )
we get a unique φ˜ ∈ Aut(X) commuting with pi. This correspondence induces the morphism χ. The
orbifold condition implies that there is an open substack U of X which is isomorphic to its image in X;
if φ ∈ Aut(X/S) satisfies χ(φ) = IdX it follows that φ|U = IdU and by separateness this implies that
φ = IdX . 
2. A review of Hacking’s proof of rigidity in characteristic zero
We begin this section working over the integers. We will point out when we pass to characteristic
zero. Let X be a smooth algebraic stack, i : D → X the closed embedding of a normal crossing divisor,
nc for short, ν : Dν → D its normalization; by definition of nc, Dν is smooth.
The composition ν¯ := i ◦ ν : Dν → X is an immersion, that is the differential has maximum rank at
every point, hence it has a normal line bundle N , defined by the exact sequence
0 7→ TDν → ν¯∗(TX)→ N → 0
The vector bundle of logarithmic differentials TX(− logD) is defined by the exact sequence
0 7→ TX(− logD)→ TX → ν¯∗(N )→ 0
Let pi : Ug,n → Mg,n be the universal curve. Let B be the boundary of Mg,n; it is a normal crossing
divisor. Its normalization Bν is the disjoint union of products Mg1,n1+1 ×Mg2,n2+1 with g1 + g2 = g
and n1 + n2 = n, together withMg−1,n+2 by [Kn, Corollary 3.9]. The restriction of N to each of these
components is p∗1ψ∨n1+1 ⊗ p∗2ψ∨n2+1 and ψ∨n+1 ⊗ ψ∨n+2, respectively. Let Σ ⊂ Ug,n be the union of the
images of the n sections of pi, this is an nc divisor.
Lemma 2.1. [Hac, Lemma 3.1] There is an isomorphism TMg,n(− logB)→ R1pi∗(ωpi(Σ)∨).
Corollary 2.2. For every k ≥ 0 we have Hk(Ug,nωpi(Σ)∨) = Hk−1(Mg,n, TMg,n(− logB)).
Proof. Since all other push-forwards of ωpi(Σ)∨ vanish, it follows from Leray’s spectral sequence. 
Lemma 2.3. [Kn, Theorem 4] The pull-back under the natural isomorphismMg,n+1 → Ug,n of the line
bundle ωpi(Σ) is ψn+1.
Putting these results together, Hacking is able to reduce the rigidity of Mg,n to vanishing of coho-
mologies of line bundles.
Proposition 2.4. Assume that H2(Mg,n+1, ψ∨n+1) = 0, and that H1(Bν ,N ) = 0. ThenMg,n is rigid.
More generally, if Hi+1(Mg,n+1, ψ∨n+1) = Hi(Bν ,N ) = 0 then Hi(Mg,n, TMg,n) = 0.
2.1. Characteristic zero part. By [Ke, Theorem 0.4] the Q-line bundle p∗ωpi(Σ) is nef and big. In
[Hac, Theorem 3.2] Hacking proves that, over a field K of characteristic zero
(2.1) Hi+1(Ug,n, ωpi(Σ)∨) ∼= Hi(Mg,n, TMg,n(− log(B)) = 0
for any i < dim(Mg,n). Furthermore, by [Hac, Corollary 4.4] the Q-line bundle on the coarse moduli
space of Bν defined by N∨ is nef and big on each component. Then
(2.2) Hi(Mg,n, ν∗N ) = 0
for i < dim(B). Finally, combining the vanishings (2.1) and (2.2) Hacking proves that
Hi(Mg,n, TMg,n) = 0
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for i < dim(Mg,n)− 1. In particular H1(Mg,n, TMg,n) = 0, that isMg,n is rigid. Both the vanishings
(2.1) and (2.2) are consequences of [Hac, Theorem A.1] which is a version of Kodaira vanishing for
proper and smooth Deligne-Mumford stacks. This theorem derives from the Kodaira vanishing theorem
for proper normal varieties. Therefore it holds only in characteristic zero. At the best of our knowledge,
the closest result to Kodaira vanishing in positive characteristic is the Deligne-Illusie vanishing [DI].
However, such result works for ample line bundle while in positive characteristic the involved psi-classes
are just semi-ample [Ke].
3. Rigidity of M0,n in positive characteristic
In this section we study the g = 0 case; any n-pointed stable genus zero curve is automorphisms
free, thus the coarse moduli space M0,n is smooth and coincides with the stack. In [Ka2] M. Kapranov
constructed M0,n via a sequence of blow-ups of Pn−3 along linear spaces in order of increasing. The
blow-up morphism f : M0,n → Pn−3 is induced by a psi-class ψn.
In [Ka2] Kapranov works, for sake of simplicity, on an algebraically closed field of characteristic zero.
On the other hand Kapranov’s arguments are purely algebraic and his description works over Spec(Z).
Theorem 3.1. Let K be a field, n ≥ 3. Then, except for i = 0 and n = 4, we have
Hi(M0,n, TM0,n) = 0 for all i
Hence, M0,n is rigid for any n ≥ 3.
Proof. The case n = 3 is obvious since the tangent bundle is zero, hence we may assume n ≥ 4. By
Proposition 2.4 it is enough to prove that:
- Hi(U0,n+1, ωpi(Σ)∨) = 0,
- for all n1 + n2 = n with n1, n2 ≥ 2, for all i1 + i2 = i one has
Hi1(M0,n1+1, ψ
∨
n1)⊗Hi2+1(M0,n1+1, ψ∨n2+1) = 0
Let us consider the line bundle ωpi(Σ) over U0,n ∼= M0,n+1. By Lemma 2.3 ωpi(Σ) identifies with ψn+1.
Recall that we have a birational morphism
f : M0,n+1 → Pn−2
such that f∗OPn−2(1) ∼= ωpi(Σ) ∼= ψn+1 given by the Kapranov’s blow-up construction. Now, by
[Har, Theorem 5.1] we have that Hi(Pn−2,OPn−2(−1)) = 0 for i < n − 2. Furthermore we have
H0(Pn−2,OPn−2(−1)) = 0, and by Serre duality Hn−2(Pn−2,OPn−2(−1)) ∼= H0(Pn−2,OPn−2(2−n)) = 0
for n ≥ 3. Then Hi(Pn−2,OPn−2(−1)) = 0 for any i. By the projection formula we get
f∗(ψ∨n+1) = f∗(OM0,n+1 ⊗ f∗OPn−2(−1)) ∼= f∗(OM0,n+1)⊗OPn−2(−1)
Since f is a birational morphism between smooth varieties we have f∗(OM0,n+1) ∼= OPn−2 , hence
f∗(ψ∨n+1) ∼= OPn−2(−1).
Moreover since f is a sequence of blow-ups of smooth varieties with smooth centers, we have Rif∗ψ∨n+1 =
0 for i > 0, and by the Leray spectral sequence we get Hi(M0,n+1, ψ∨n+1) ∼= Hi(Pn−2, f∗ψ∨n+1) for any
i ≥ 0. Therefore
Hi(M0,n+1, ψ
∨
n+1)
∼= Hi(Pn−2,OPn−2(−1)) = 0 for any i
Summing up we proved the following vanishings:
(3.1) Hi+1(M0,n+1, ψ∨n+1) ∼= Hi+1(M0,n+1, ωpi(Σ)∨) ∼= Hi(M0,n, TM0,n(− log(B)) = 0
for any i. Now, let us consider the dual of the normal bundle N∨. By [Hac, Lemma 4.2] the pull-back
of N∨ to M0,S1∪{n1+1} ×M0,S2∪{n2+1} is identified with p∗1ψn1+1 ⊗ p∗2ψn2+1. Note that since g = 0 we
do not have the boundary divisor parametrizing irreducible nodal curves.
Recalling again the Kapranov’s construction we have that the pull-back of N∨ to M0,S1∪{n1+1} ×
M0,S2∪{n2+1} defines a birational morphism
g := fn1+1 × fn2+1 : M0,S1∪{n1+1} ×M0,S2∪{n2+1} → Ps1−2 × Ps2−2
where si = |Si| for i = 1, 2. Then N = g∗(O(−1,−1)), where
O(−1,−1) := OPs1−2(−1)OPs2−2(−1).
By Künneth formula we have
Hi(Ps1−2 × Ps2−2,O(−1,−1)) =
⊕
j+k=i
Hj(Ps1−2,OPs1−2(−1))⊗Hk(Ps2−2,OPs2−2(−1))
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Therefore we get Hi(Ps1−2 × Ps2−2,O(−1,−1)) = 0 for any i. Finally, applying to N∨ the argument
we used in the first part of the proof for ωpi(Σ)∨ we get Hi(Bν ,N ) = 0 for any i. Now, to conclude it
is enough to apply Proposition 2.4. 
As an immediate consequence of the proof of Theorem 3.1 we get the following result on the defor-
mations of the pair (M0,n, ∂M0,n), see [Se, Section 3.3.3] for the general theory of deformations of the
pair.
Corollary 3.2. Let K be any field, i ≥ 0, n ≥ 3. Then
Hi(M0,n, TM0,n(− log(B))) = 0
In particular, the pair (M0,n, ∂M0,n) is rigid for any n ≥ 3.
4. Deformations of M1,2
In this section we prove that the moduli space M1,2 is not rigid. We work throughout over an
algebraically closed field K with char(K) 6= 2, 3.
4.1. Preliminaries. Choose n and a0, . . . , an positive integers. We will denote by P(a0, . . . , an) the
associated weighted projective space, defined as the quotient scheme of the action of K∗ on An+10 :=
An \ {0} defined by
λ · (x0, . . . , xn) = (λa0x0, . . . , λanxn)
The quotient P(a0, . . . , an) is a projective scheme with quotient singularities of type 1ai (a0, ..., aˆi, ..., an)
of the i-th fundamental point.
Since we are in characteristic different from 2 and 3, M1,1 can be identified, using the Weierstrass
form of the elliptic curve, with the weighted projective stack P(4, 6) and M1,2 is the stack quotient
[X/(K∗ ×K∗)] where X ⊂ A30 × A20 is the closed subset defined by the equation
X := Z(zy2 − x3 − axz2 − bz3) ⊂ A30 × A20
and the action is defined by
(4.1) (K
∗ ×K∗)×X −→ X
((λ, ξ), (x, y, z, a, b)) 7−→ (ξλ2x, ξλ3y, ξz, λ4a, λ6b)
We denote by E4 and E6 the elliptic curves corresponding to the points (1, 0) and (0, 1) ofM1,1.
Lemma 4.1. Let µ4 act on E4 via λ · (x, y, z) = (λ2x, λ3y, z); let p1 = (0, 1, 0) and p2 = (0, 0, 1) be the
fixed points. Then λ ∈ µ4 acts on H1(E4, TE4(−p1)) by multiplication by λ2 and on Tp1E4 and Tp2E4
by multiplication by λ.
Let µ6 act on E6 via λ · (x, y, z) = (λ2x, λ3y, z); let p1 = (0, 1, 0) be the fixed point, and p2 = (0, 0, 1)
the fixed point of the induced action of µ3. Then µ6 acts on H1(E6, TE6(−p1)) by multiplication by λ2
and on Tp1E6 by multiplication by λ. Finally, ε ∈ µ3 acts on Tp2E6 by multiplication by ε.
Proof. We consider the E6 case. The function xy is a local coordinate at the point p1, hence the action of
λ on Ωp1E6 is given by multiplication by λ−1, and therefore the action on the tangent space is given by
λ. There is a canonical isomorphism H1(E6, TE6(−p1)) → H1(E6, TE6); the latter is µ6-equivariantly
dual to H0(E6,Ω⊗2E6 ) and by what we have just proven the action on one forms is given by λ
−2. The
other cases are similar. 
Let (C, p) be a smooth or irreducible nodal elliptic curve, that is a point inM1,1. Since the charac-
teristic is different from 2 and 3 we can put C in Weierstrass from, that is there exists (a, b) ∈ A20 such
that (C, p) is isomorphic to (Ca,b, [0 : 1 : 0]), where
(4.2) Ca,b = Z(zy2 − x3 − axz2 − bz3) ⊂ P2.
This representation is called Weierstrass representation of the elliptic curve. Moreover the set of isomor-
phisms between (Ca,b, [0 : 1 : 0]) and (Ca¯,b¯, [0 : 1 : 0]) can be identified with {λ ∈ K | (a¯, b¯) = (λ4a, λ6b)}
by associating to each such λ the map φλ(x, y, z) = (λ2x, λ3y, z). Using the representation (4.2) we
have:
E4 := {y2z = x3 + xz2} ⊂ P2, E6 := {y2z = x3 + z3} ⊂ P2.
The rational Picard group of M1,2 is freely generated by the two boundary divisors [Mor]: the divisors
∆irr parametrizing irreducible nodal curves, and ∆1 parametrizing elliptic tails. These divisors are both
smooth, rational curves. The boundary divisor ∆1 has negative self-intersection. In the following we
give an explicit description of the contraction of ∆1.
ON THE RIGIDITY OF MODULI OF CURVES IN ARBITRARY CHARACTERISTIC 7
4.2. M1,2 as toric variety. Assume n is an integer prime to the characteristic of K. We denote by
1
n (a1, a2) any surface singularity which is étale locally isomorphic to Spec(K[t1, t2]
µn) where µn acts by
λ · (x1, x2) = (λa1x1, λa2x2).
Proposition 4.2. The moduli space M1,2 is a surface with four singular points. Two singular points
lie in M1,2, and are:
- a singularity of type 12 (1, 1) at the image of (0, 0, 1, 1, 0) ∈ X, representing an elliptic curve of
Weierstrass representation E4 with marked points [0 : 1 : 0] and [0 : 0 : 1];
- a singularity of type 13 (1, 2) at the image of (0, 1, 1, 0, 1) ∈ X, representing an elliptic curve of
Weierstrass representation E6 with marked points [0 : 1 : 0] and [0 : 1 : 1].
The remaining two singular points lie on the boundary divisor ∆1, and are:
- a singularity of type 13 (1, 1) at the image of (0, 1, 0, 1, 0) ∈ X, representing a reducible curve
whose irreducible components are an elliptic curve of type E6 and a smooth rational curve
connected by a node;
- a singularity of type 12 (1, 1) at the image of (0, 1, 0, 0, 1) ∈ X, representing a reducible curve
whose irreducible components are an elliptic curve of type E4 and a smooth rational curve
connected by a node.
Proof. Note that on X, z = 0 ⇒ x = 0 ⇒ y 6= 0. So X is covered by the charts {z 6= 0} and
{y 6= 0}. Consider first the chart {z 6= 0}. Then we may take ξ = 1. On this chart X is given by
{y2 = x3 +ax+b} so b = y2−x3−ax. We can take (x, y, a) as coordinates, and the action of K∗×K∗ is
given by (λ, x, y, a) 7→ (λ2x, λ3y, λ4a). The point (0, 0, 0) is stabilized by K∗×K∗, so does not produce
any singularity. Since (2, 3) = (3, 4) = 1 the points (x, y, a) such that xy 6= 0 or ya 6= 0 have trivial
stabilizer.
If y = 0 the action is given by (λ, x, a) 7→ (λ2x, λ4a). If x = 0 then a 6= 0, the stabilizer is µ4. So on
the chart a 6= 0 we have a singularity of type 12 (1, 1). Note that x = y = 0 implies b = 0. The singular
point corresponds to a smooth elliptic curve of Weierstrass form E4 and whose second marked point is
[0 : 0 : 1]. If x 6= 0 then the stabilizer is µ2 and on this chart we find points of type 12 (1, 0) and these
are smooth points. If y 6= 0 then ξλ3 = λ3 = 1 and we get a singularity of type 13 (1, 2) at the point
a = x = 0.
Consider now the locus {z = 0}. We can take y = 1. Then ξλ3 = 1 and X is given by {z =
x3 +axz2 +bz3}. We are interested in a neighborhood of x = z = 0. Let f(x, z, a, b) = z−x3−axz2−bz3
be the polynomial defining X. Since ∂f∂z |z=0 6= 0 we can choose (x, a, b) as local coordinates. The action
is given by (λ, ξ, x, a, b) 7→ (ξλ2x, λ4a, λ6b). If x 6= 0 the stabilizer is trivial. If x = 0 and ab 6= 0 the
stabilizer is µ2 and does not produce any singularity. If a = 0, b 6= 0 then λ6 = 1. This yields a singular
point of type 13 (1, 1). If a 6= 0, b = 0 then λ4 = 1 and we get a singular point of type 12 (1, 1) . 
4.2.1. Weighted blow-ups. The weighted blow-up of A2 with weights (a1, a2) where gcd(a1, a2) = 1
is a projective birational morphism f : X → A2 such that X is covered by two affine charts U1 ∼=
A2/µa1 where the action is given by λ · (y1, y2) = (λy1, λ−a2y2), and U2 ∼= A2/µa2 where λ · (y1, y2) =
(λ−a1y1, λy2). Note that the exceptional divisor E is given in Ui by {yi = 0}. Therefore, X has two
finite quotient singularities of type
(4.3)
1
a1
(1,−a2) and 1a2 (−a1, 1)
on the exceptional divisor E = P(a1, a2) ∼= P1 corresponding to the points [1 : 0], [0 : 1] of E respectively.
By [Hay, Section 3] X can be constructed as a follows. Let C = R+e1 +R+e2 be the cone in R2 whose
rays are e1 = (1, 0), e2 = (0, 1). We divide the cone C, in two cones C1 and C2, by adding the 1-
dimensional cone R+e3, where e3 = (a1, a2). Let Σa1,a2 be the fan consisting of all the faces of C1, C2.
Then X is the toric variety determined by the lattice N = Ze1 + Ze2 + Ze3 and the fan Σa1,a2 .
Theorem 4.3. The moduli space M1,2 is isomorphic to the weighted blow-up with weights (2, 3) of the
weighted projective plane P(1, 2, 3) in its smooth point [1 : 0 : 0]. That is M1,2 is the toric variety
associated to toric fan Σ in the following picture:
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Proof. Recall the description of M1,2 given via (4.1). On the chart Uz := {z 6= 0} we define a morphism
(4.4) fUz : Uz −→ P(1, 2, 3)
(x, y, z, a, b) 7−→ (x, az2, bz3)
The action of K∗ × K∗ on this triple is given by (ξλ2, ξ2λ4, ξ3λ6), and fUz is indeed a well defined
morphism to P(1, 2, 3). Note that the morphism fUz maps the two singular point in M1,2 we found in
Proposition 4.2 in the points [0 : 1 : 0], [0 : 0 : 1] ∈ P(1, 2, 3), which are the only singularities of the
weighted projective plane and of the same type of the singularities on M1,2.
On Uy := {y 6= 0} the equation of M1,2 is z = x3 + axz2 + bz3. So, as explained in the proof of
Proposition 4.2 x is a local parameter near z = 0. We can consider the morphism
fUy (x, y, z, a, b) =
(
1, a
(
x2 + az2
1− bz2
)2
, b
(
x2 + az2
1− bz2
)3)
.
From this formulation it is clear that fUy is defined even on the locus {x = 0} and the divisor ∆1 =
{x = z = 0} is contracted in the smooth point [1 : 0 : 0] of P(1, 2, 3). On Uz ∩ Uy we have zx = x
2+az2
1−bz2
and fUz = fUy , so fUz , fUy glue to a morphism
f : M1,2 → P(1, 2, 3).
Since, by [Mor] the Picard number of M1,2 is two, ∆1 must be the only divisor contracted by f . Let
ξ ∈ P(1, 2, 3) be a point ξ 6= [1 : 0 : 0]. Since by (4.2) z = 0 forces x = 0 we have that f−1(ξ) is contained
in the subset Uz where z 6= 0, and we may consider the expression for fUz in (4.4). By (4.2) a point in
the fiber f−1Uz (ξ) is determined, up to a sign, by the variable y. Therefore, in the quotient (4.1) such a
point in uniquely determined. This means that f|M1,2\∆1 : M1,2 \ ∆1 → P(1, 2, 3) \ {[1 : 0 : 0]} is an
isomorphism. We conclude that f : M1,2 → P(1, 2, 3) is indeed a birational morphism with exceptional
locus ∆1. Then, by [Pr, Proposition 6.2.6] f is a weighted blow-up of P(1, 2, 3) in [1 : 0 : 0] and ∆1
is the corresponding exceptional divisor. By Proposition 4.2 we know that M1,2 has two singularities
of type 12 (1, 1),
1
3 (1, 1) on ∆1. By Proposition 4.2 we know that the singularities
1
2 (1, 1),
1
3 (1, 1) ∈ ∆1
corresponds to b = 0, a = 0 respectively. By (4.3) this forces the weights of the blow-up to be (2, 3). 
With this description of M1,2 we can easily compute its automorphism group.
Proposition 4.4. Let K be an algebraically closed field with char(K) 6= 2, 3. The automorphism group
of M1,2 is isomorphic to (K∗)2.
Proof. Let pi : M1,2 → M1,1 be a forgetful morphism, and Fi = pi−1([Ei]) for i = 4, 6. Let f : M1,2 →
P(1, 2, 3) = Proj(K[x0, x1, x2]) be the weighted blow-up described in Theorem 4.3, where the grading
on K[x0, x1, x2] is given by deg(xi) = i+ 1. Any φ ∈ Aut(M1,2) must stabilize ∆1, F4 and F6.
Therefore, we have an injective morphism χ : Aut(M1,2) → G ⊂ Aut(P(1, 2, 3)) where G consists of
automorphisms of P(1, 2, 3) fixing [1 : 0 : 0] and stabilizing f(F4) = {x2 = 0} and f(F6) = {x1 =
0}. To conclude that G ∼= (K∗)2 it is enough to recall that the automorphisms of P(1, 2, 3) are the
automorphisms of the graded K-algebra K[x0, x1, x2]. By Theorem 4.3 M1,2 is toric. To conclude it is
enough to observe that the inclusion i : (K∗)2 ↪→ Aut(M1,2) is a section of χ. 
For the rest of this section K will be an algebraically closed field of characteristic zero. The cohomol-
ogy of a toric invariant divisor D in a toric variety XΣ can be computed in terms of combinatorial data
encoded in the dual lattice of the variety, and in a polytope PD associated to D, see [CLS, Chapters 4,
9]. This leads us to the following result.
Proposition 4.5. Let XΣ we the weighted blow-up with weights (2, 3) of P(1, 2, 3) in [1 : 0 : 0]. Then
h0(XΣ, TXΣ) = 2 and hi(XΣ, TXΣ) = 0 for i = 1, 2.
Proof. Let Dρ be the toric divisor corresponding to the ray uρ in the fan Σ of Theorem 4.3, and let
OXΣ(Dρ) be the associated sheaf. The cohomology of OXΣ(Dρ) can be computed in terms of lattice
objects. Indeed, by [CLS, Proposition 4.3.3] we have h0(XΣ,OXΣ(Dρ)) = 1 for ρ = 1, 2, 3, 4, while by
[CLS, Proposition 9.1.6] we get h1(XΣ,OXΣ(Dρ)) = h2(XΣ,OXΣ(Dρ)) = 0 for ρ = 1, 2, 3, 4.
Since the class group of XΣ if free of rank two, by [CLS, Theorem 8.1.6] we have the following exact
sequence
0 7→ ΩXΣ →
4⊕
ρ=1
OXΣ(−Dρ)→ O⊕2XΣ 7→ 0
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and dualizing we get
0 7→ O⊕2XΣ →
4⊕
ρ=1
OXΣ(Dρ)→ TXΣ 7→ 0
To conclude it is enough to take cohomology and to use the results on the cohomology of the toric
divisors in the first part of the proof. 
Remark 4.6. By [CLS, Proposition 6.4.4] we can compute the intersection matrix of the Dρ’s. This is
given by
(Di ·Dj) =

0 13 0
1
3
1
3 − 16 12 0
0 12 0
1
2
1
3 0
1
2
1
6

Therefore Dρ for ρ = 1, 3, 4 is nef, and the vanishing of Hi(XΣ,OXΣ(Dρ)) for i = 1, 2 and ρ = 1, 3, 4
can be deduced also from Demazure’s vanishing theorem [CLS, Theorem 9.2.3].
Remark 4.7. Note that by Proposition 4.4 Aut(M1,2) ∼= (K∗)2, and indeed by Proposition 4.5 we have
that T[Id] Aut(M1,2) ∼= H0(M1,2, TM1,2) is of dimension two.
Now, we are ready to compute the Kuranishi family of M1,2 by computing the deformations of the
singularities of M1,2 described in Proposition 4.2. See [Ar] for a survey on deformations of singularities.
Theorem 4.8. The coarse moduli space M1,2 does not have locally trivial deformations, while its family
of first order infinitesimal deformations is non-singular of dimension six and the general deformation is
smooth.
Proof. The first order infinitesimal deformations of the surface M1,2 are parametrized by the group
Ext1(ΩM1,2 ,OM1,2). The sheaf Ext1(ΩM1,2 ,OM1,2) is supported on the singularities and since M1,2 has
isolated singularities Ext1(ΩM1,2 ,OM1,2) can be computed separately for each singular point.
Let us consider the singular point p ∈M1,2 of type 13 (1, 2). Then, étale locally, in a neighborhood of p
the surface M1,2 is isomorphic to A2/µ3 where the action is given by
µ3 × A2 −→ A2
(, x1, x2) 7−→ (x1, 2x2)
The invariant polynomials with respect to this action are clearly x31, x32, x1x2. Therefore, étale locally,
in a neighborhood of p the surface M1,2 is isomorphic to an étale neighborhood of the singularity
S = {f(x, y, z) = z3 − xy = 0} ⊂ A3
Let R = K[x, y, z]/(z3 − xy), and let us consider the free resolution
0 7→ R R⊕3 ΩR 7→ 0
ψJ
of ΩR, where ψJ is the matrix of the partial derivatives of f = z3 − xy. Therefore, we get
(4.5) Ext1(ΩR, R) ∼= R/ Im(ψtJ) ∼= K[x, y, z]/(z3 − xy,−y,−x, 3z2) ∼= K[z]/(z2), Ext2(ΩR, R) = 0
The same argument for the two singularities of type 12 (1, 1) shows that in these cases we have
(4.6) Ext1(ΩR, R) ∼= K[x, y, z]/(z2 − xy,−y,−x, 2z) ∼= K, Ext2(ΩR, R) = 0
Now, let us consider the singularity of type 13 (1, 1). In this case the action is given by
µ3 × A2 −→ A2
(, x1, x2) 7−→ (x1, x2)
The invariants are clearly x31, x21x2, x1x22, x32. Then étale locally, in a neighborhood of this singularity
the surface M1,2 is isomorphic to an étale neighborhood of the vertex of a cone in A4 over a twisted
cubic in P3. The coordinate ring of such a cone is R = K[x, y, z, w]/(f1, f2, f3), where f1 = xw − yz,
f2 = y
2 − xz and f3 = z2 − yw. We get a free resolution of the module of differentials ΩR as follows
R⊕3 R⊕2 R⊕3 R⊕4 ΩR → 0
ψJψSψ
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where
ψ =
(
x z y
−y −w −z
)
, ψS =
 z yw z
y x
 , ψJ =

w −z 0
−z 2y −w
−y −x 2z
x 0 −y

Note that ψS and ψJ are the syzygy matrix and the Jacobian matrix of the fi’s respectively. We may
compute Ext1(ΩR, R) ∼= ker(ψtS)/ Im(ψtJ). Now, ker(ψtS) has the following six generator: (−w, z, 0),
(z,−y, 0), (0, y,−w), (y, 0,−z), (0,−x, z), (−x, 0, y), and Im(ψtJ) is generated by (w,−z, 0), (−z, 2y,−w),
(−y,−x, 2z), (x, 0,−y). Furthermore, ker(ψt) is generated by (w, z), (z, y), (y, x), which are generators
for Im(ψtS) as well. Therefore
(4.7) dimK Ext1(ΩR, R) = 2, Ext2(ΩR, R) = 0
This last fact together with (4.5) and (4.6) implies that
h0(M1,2, Ext1(ΩM1,2 ,OM1,2)) = 2 + 1 + 1 + 2 = 6
Now, by Theorem 4.3 the surface M1,2 is a weighted blow-up of P(1, 2, 3) in its smooth point [1 : 0 : 0]
that is the variety XΣ in Proposition 4.5. Therefore, Proposition 4.5 yields h0(M1,2, TM1,2) = 2 and
(4.8) Hi(M1,2, TM1,2) = 0 for i = 1, 2
So the sequence
H1(M1,2, TM1,2)→ Ext1(ΩM1,2 ,OM1,2)→ H0(M1,2, Ext1(ΩM1,2 ,OM1,2))→ H2(M1,2, TM1,2)
yields Ext1(ΩM1,2 ,OM1,2) ∼= H0(M1,2, Ext1(ΩM1,2 ,OM1,2)). Finally, to compute the dimension of the
obstruction space Ext2(ΩM1,2 ,OM1,2) we use the local-to-global Ext spectral sequence
Hi(M1,2, Extj(ΩM1,2 ,OM1,2))⇒ Exti+j(ΩM1,2 ,OM1,2)
Clearly H1(M1,2, Ext1(ΩM1,2 ,OM1,2)) = 0 because Ext1(ΩM1,2 ,OM1,2) is supported on a zero dimen-
sional scheme. Furthermore, by (4.8) we have H2(M1,2, Ext0(ΩM1,2 ,OM1,2)) = H2(M1,2, TM1,2) = 0.
Finally (4.5), (4.6) and (4.7) yield H0(M1,2, Ext2(ΩM1,2 ,OM1,2)) = 0 as well. 
5. On the deformations of the coarse moduli space Mg,n
In this section we will study the infinitesimal deformations of the coarse moduli space Mg,n, which is
a projective normal scheme with finite quotient singularities. If g = 0 we have M0,n ∼=M0,n, by [Hac,
Theorem 2.1] in characteristic zero, and Theorem 3.1 in positive characteristic we know that M0,n is
rigid, hence we restrict to the case g ≥ 1.
5.1. Deformation theory for varieties with quotient singularities. Let X be a variety over a
field K, A an Artinian K-algebra with residue field K. A deformation XA of X over Spec(A) is called
trivial if it is isomorphic to X ×K Spec(A); it is locally trivial if there is an open cover of X by open
affines U such that the induced deformation UA is trivial.
We recall some well-known facts about infinitesimal deformations of normal varieties. By [Ill] the tangent
and obstruction spaces to deformations of X are given by Ext1(LX ,OX) and Ext2(LX ,OX) where LX
is the cotangent complex; when X is a normal variety, these spaces are actually Ext1(ΩX ,OX) and
Ext2(ΩX ,OX) respectively. Locally trivial infinitesimal deformations have as tangent and obstruction
spaces H1(X,TX) and H2(X,TX), respectively.
Remark 5.1. By the exact sequence
0 7→ H1(X,TX)→ Ext1(ΩX ,OX)→ H0(X, Ext1(ΩX ,OX))→ H2(X,TX)→ Ext2(ΩX ,OX)
induced by the local-to-global spectral sequence for Ext, if H0(X, Ext1(ΩX ,OX)) = 0 then all deforma-
tions are locally trivial, while if H1(X,TX) = 0 then all locally trivial deformations are trivial.
Remark 5.2. The sheaf Ext1(ΩX ,OX) is supported on the singular locus of X; if X has quotient singu-
larities, then by [Fan, Lemmas 2.4, 2.5] the sheaf of cohomology with supports H0Z(Ext1(ΩX ,OX)) = 0
if Z ⊂ X is a closed subset of codimension greater or equal than three.
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5.2. Locally trivial deformations of Mg,n. Let X be a smooth Deligne-Mumford stack, and let
pi : X → X be the structure morphism on its coarse module space. The stack X is called canonical if
the locus where pi is not an isomorphism has dimension less or equal than dim(X )− 2 [FMN, Definition
4.4]. Every variety with quotient singularities is the coarse moduli space of a canonical smooth Deligne-
Mumford stack, unique up to unique isomorphism [FMN, Remark 4.9].
Lemma 5.3. Let X be a variety with finite quotient singularities and let X be its canonical stack. Then
Hi(X,TX) ∼= Hi(X , TX ) for any i ≥ 0. In particular, if X is rigid then X does not have locally trivial
deformations.
Proof. Let Z = Sing(X) and U = X \Z. Since X is the canonical stack of X we may embed U in X as
well. We get the following commutative diagram
U X
X
i
pi
j
and pi∗i∗TU = j∗TU . Furthermore, we have the two following exact sequences:
0 7→ H0Z(X,TX)→ TX → j∗TX|U → H1Z(X,TX)
0 7→ H0W (X , TX )→ TX → i∗TX|U → H1W (X , TX )
where W = pi−1(Z) with the reduced substack structure, and HiZ is the sheaf of cohomology with sup-
ports, see [Gro]. Furthermore, since codimX(Z) = codimX (W ) ≥ 2 we get HiZ(X,TX) = HiW (X , TX ) =
0 for i < 2. This yields pi∗TX ∼= pi∗i∗TU ∼= j∗TU ∼= TX . Finally, since Ripi∗TX = 0 for i ≥ 1, because pi
is finite, we conclude by Leray’s spectral sequence. 
Lemma 5.4. Let c :Mg,n →Mcang,n be the structure map on the canonical stack. If g + n ≥ 4, it is an
isomorphism outside the boundary divisor ∆1 of elliptic tails, that is the image ofM1,1×Mg−1,n+1 via
the gluing map.
Proof. By [Co, Corollary 1] if g+ n ≥ 4 any component of the locus parametrizing curves in Mg,n with
a non-trivial automorphism has codimension at least two.
Let us consider a general point [C, x1, ..., xn] of the boundary divisor ∆irr parametrizing irreducible
nodal curves. The normalization ν : C˜ → C of C is a smooth curve of genus g−1. Under our numerical
hypothesis [C˜, ν−1(x1), ..., ν−1(xn)] is automorphism-free. Therefore, [C, x1, ..., xn] does not have non-
trivial automorphisms as well.
The remaining boundary divisors parametrize reducible curves [C1 ∪ C2, x1, ..., xn] where C1, C2 are
smooth curves of genus g1, g2 with n1, n2 marked points respectively intersecting just in one node
p = C1 ∩ C2, and such that g1 + g2 = g and n1 + n2 = n. Recalling that a general stable curve of the
form [Ci, xi1 , ..., xin1 , p] has a non-trivial automorphism if and only if gi = 1 and ni = 0, we conclude
that a general stable curve of the form [C1 ∪ C2, x1, ..., xn] admits a non-trivial automorphism if and
only either C1 or C2 is an elliptic tail without marked points. 
The following statement should be compared to [Hac, Theorem 2.3].
Theorem 5.5. If g+ n ≥ 4, then the coarse moduli space Mg,n does not have non-trivial locally trivial
deformations.
Proof. Let c :Mg,n →Mcang,n the structure map on the canonical stack. Let f : Y = M1,1×Mg−1,n+1 →
Mg,n be the natural attaching morphism. Since g + n ≥ 4, by Lemma 5.4 we have that f(Y ) is the
locus in Mg,n where c :Mg,n →Mcang,n is not an isomorphism. Now, on Y we have an exact sequence
0 7→ TY → f∗TMg,n → L 7→ 0
where L ∼= ψ∨1  ψ∨n+1. Since the general curve parametrized by Y has two automorphisms the line
bundle L fits in the following exact sequence as well
0 7→ c∗TMg,n → TMcang,n → c∗f∗L
⊗2 7→ 0
Since L∨ ∼= ψ1  ψn+1 is big and nef [Hac, Theorem A.1] yields
H0(Mcang,n , c∗f∗L⊗2) = H1(M
can
g,n , c∗f∗L
⊗2) = 0
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which in turns implies H1(Mcang,n , TMcang,n ) ∼= H1(M
can
g,n , c∗TMg,n)
∼= H1(Mg,n, TMg,n). To conclude
it is enough to recall that the stack Mg,n is rigid and to apply Lemma 5.3 with X = Mcang,n and
X = Mg,n. 
5.3. Singularities of Mg,n. We denote again by ∆1 the image inMg,n ofM1,1×Mg−1,n+1, the divisor
parametrizing curves with elliptic tails. We introduce the following notation for codimension two, that
is of maximal dimension, irreducible components of the singular locus of Mg,n:
- Zi the image of [Ei]×Mg−1,n+1 ⊂ ∆1 for i = 4, 6, the codimension two loci where the elliptic
tail has four and six automorphisms respectively;
- Y the locus parametrizing reducible curves E ∪ C where E is an elliptic curve with a marked
point which is fixed by the elliptic involution, and C is a curve of genus g−1 with n−1 marked
points;
- W the locus parametrizing reducible curves C1 ∪ C2 where C1 and C2 are of genus two and
g− 2 respectively, the marked points are on C2, and C1 ∩C2 is a fixed point of the hyperelliptic
involution on C1.
Definition 5.6. A variety X which, étale locally at a general point of its reduced singular locus Z, has
type 1n (a1, a2, 0, . . . , 0) will be said to have a transversal
1
n (a1, a2) singularity along Z.
Proposition 5.7. If g + n > 4, then the only codimension two irreducible components of Sing(Mg,n)
are Z4, Z6, Y and W . Each component contains dense open subsets, denoted by a superscript zero, with
complement of codimension at least two such that Mg,n has transversal A1 singularities along Z04 , Y 0
and W 0, and transversal 13 (1, 1) singularities along Z
0
6 .
Proof. By [Pa, Proposition 1] under our numerical hypothesis any component of Sing(Mg,n) has codi-
mension at least three inMg,n. By Lemma 5.4 the divisor ∆1 is the only boundary divisor whose general
point corresponds to a curve with non-trivial automorphisms. There are two ways of producing loci of
codimension two in Mg,n parametrizing curves with extra automorphisms in ∆1. Namely,
(a) we may add another elliptic tail,
(b) we consider the loci Zi = [Ei]×Mg−1,n+1 for i = 4, 6.
Now, note that the automorphism group of the general curve parametrized by (a) is generated by
pseudo-reflections. Therefore, this locus is not singular for Mg,n.
Any other component must be properly contained in a different boundary divisor, hence must be induced
by a codimension one stratum with non-trivial automorphisms in some Mg1,n1+1 with (g1, n1) 6= (1, 0).
There are exactly two such strata, for (g1, n1 + 1) = (1, 2) and (2, 1), yielding the components Y and
W .
The automorphism groups of a general curve parametrized by Z4, Z6, Y and W are not generated
by pseudo-reflections. We conclude that the codimension two components of Sing(Mg,n) are exactly
Z4, Z6, Y and W .
Furthermore, there is just one way to produce a divisor in Zi parametrizing curves with extra automor-
phisms, namely adding another elliptic tail; this however generates a pseudo-reflection. We conclude
the locus in Zi where the singularities are different from the generic point has codimension at least two.
The same argument applies to Y and W .
The finite quotient singularities in Y 0 and W 0 are both produced by automorphisms of order two.
Therefore, these singularities are forced to be of type A1.
The type of the singularities along the Z0i ’s is the same for any g ≥ 1, n ≥ 2. Therefore, by Lemma
4.1 and the second part of Proposition 4.2 we have that Z04 is a singularity of type
1
2 (1, 1, 0, ..., 0), or
transversal A1, and Z06 is a singularity of type
1
3 (1, 1, 0, ..., 0) or transversal
1
3 (1, 1). 
5.4. Deformation of varieties with transversal A1 singularities. In this section we assume that
the characteristic of the ground field is different from two. Let X be a smooth Deligne-Mumford
stack, and assume that its inertia stack is the disjoint union of X and of a smooth stack Z, mapping
isomorphically to its image in X , which we also denote by Z. Let ε : X → X be the morphism to
the coarse moduli space, which we assume is a scheme. Let ε¯ : Z → Z be the morphism to the coarse
moduli space, and assume that ε¯ is a µ2-gerbe.
An example can be constructed as follows: let Z be a non-singular variety, and F a rank two vector
bundle on Z. Let µ2 act on F by scalar multiplication. Then X = [F/µ2] and Z = Z ×Bµ2 satisfy the
assumptions.
In this case, X is a variety with transversal A1, or transversal 12 (1, 1) singularities along Z, that is étale
locally, the inclusion i : Z → X looks like Z = Z × {0} → Z × SpecK[x, y, z]/(xy − z2). Conversely,
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if X has transversal A1 singularities along Z, then such an ε : X → X exists, it is the canonical stack,
and is unique up to unique isomorphism, while Z = ε−1(Z)red.
Let N := NZ/X be the normal bundle of Z in X ; there exist a, unique up to isomorphism, rank three
vector bundle V on Z and a, unique up to isomorphism, line bundle L on Z, such that ε¯∗(E) = Sym2N
and ε¯∗(L) = detN . Let pi : V → Z be the projection, and let L¯ := pi∗L. Let C be the coarse moduli
space of N ; C has transversal A1 singularities along Z, it is easy to see that C = CZ/X , the normal
cone of Z in X, but we will not need this.
Lemma 5.8. There is a natural embedding of C in V as the scheme-theoretic zero section of L¯⊗2.
Proof. Let us consider the principal GL(2) bundle P → Z associated to N , and denote by NP the
pull-back of N to P , which is canonically trivial as each point of P corresponds to a basis of a fiber
of N . A basis n1, n2 of Nz induces a basis n11, n12, n22 of EP hence a trivialization, with coordinates
x11, x12, x22, xij = ninj . The rank one tensors are given by the equation f = x11x22−x212. It is easy to
see that the section f(n1 ∧ n2)⊗2 of LP is GL(2)-invariant. 
Theorem 5.9. In our assumptions we have Ext1(ΩX ,OX) = i∗L¯⊗2, where i : Z → X is the natural
embedding.
Proof. Assume first that X = N , hence X = C; then the result immediately follows from Lemma 5.8,
by applying the functor Hom(−,OX) to the exact sequence
0 7→ OV (−C)|C → ΩV |C → ΩC 7→ 0
For the general case, we first prove that the sheaf is the push-forward of a line bundle on Z, since this
statement is étale local hence we reduce to the previous case. To identify the line bundle, we use the
degeneration to the normal cone of the inclusion Z → X ; we get a one-parameter family of line bundles
on Z where the general one is Ext1(ΩX ,OX) and the special one is L¯⊗2; we conclude that they are
equal since the Picard scheme of Z is separated. 
5.5. Deformation of varieties with transversal 13 (1, 1) singularity. In this section we assume the
characteristic to be different from two and three. Again we start with a special case. Assume that Z is
a smooth variety, and F the total space of a rank 2 vector bundle on Z. Let the group µ3 act on F by
scalars, and let X = [F/µ3] and ε : X → X be the morphism to the coarse moduli space, which is an
affine variety, and indeed a cone over Z.
Assume now that F = L1 ⊕ L2 with Li line bundles on Z. Write Lij := L⊗i1 ⊗ L⊗j2 ∈ Pic(Z). Let
V = Sym3 F = L03 ⊕ L12 ⊕ L21 ⊕ L30. Let pi : V → Z be the projection, and write L¯ij := pi∗(Lij).
Finally, let σ be the tautological section of pi∗V , and write σ = (s0, s1, s2, s3) with si a section of L¯i,3−i.
There is a natural embedding X → V , where X parametrizes rank one tensors in Sym3(F ). Write
L˜ij := L¯ij|X .
Lemma 5.10. There is an exact sequence of coherent sheaves on X
L˜∨54 ⊕ L˜∨45 → L˜∨24 ⊕ L˜∨33 ⊕ L˜∨42 → L˜∨03 ⊕ L˜∨12 ⊕ L˜∨21 ⊕ L˜∨03 ⊕ pi∗ΩZ|X → ΩX 7→ 0
where the first map α is given by the matrix  s3 s2s2 s1
s1 s0

and the second map β is given by the matrix
s2 −s3 0
−2s1 s2 s3
s0 s1 −2s2
0 −s1 s0

Proof. Note that X is the scheme-theoretic zero locus in V of the section (s0s2−s21, s1s2−s0s3, s1s3−s22)
of L¯24 ⊕ L¯33 ⊕ L¯42. The rest of the statement is elementary homological algebra. 
Proposition 5.11. The sheaf Ext1(ΩX ,OX) is isomorphic to i∗(L21 ⊕ L12) = i∗(F )⊗ detF .
Proof. Let α be the map in Lemma 5.10. Then α∨ is the second map in an exact sequence
L˜21 ⊕ L˜12 ⊕ L˜03 ⊕ L˜30 ⊕ L˜21 ⊕ L˜11 → L˜24 ⊕ L˜33 ⊕ L˜42 → L˜54 ⊕ L˜45,
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where the first map γ is given by the matrix s0 s1 s2 0 0 0−s1 −s2 −s3 s0 s1 s2
0 0 0 −s1 −s2 −s3

We conclude by observing that IZ/X ·Ext1(ΩX ,OX) = 0 and by comparing the two exact sequences. 
Recall that by Definition 5.6 a variety X which, étale locally near each point of its reduced singular
locus Z, has type 13 (1, 1, 0, . . . , 0) will be said to have a transversal
1
3 (1, 1) singularity along Z. We
denote by ε : X → X the associated canonical stack. Let Z := ε−1(Z)red and ε¯ := ε|Z : Z → Z, which
is a Bµ3-gerbe.
Corollary 5.12. Assume that X has a transversal 13 (1, 1) singularity along Z, and moreover that there
exist line bundles L1, L2 on Z such that N := NZ/X fits into an exact sequence
0 7→ L¯1 → N → L¯2 7→ 0
Write L¯ij := L¯⊗i1 ⊗ L¯⊗j2 ; when i + j is a multiple of three, write Lij for the line bundle on Z whose
pull-back to Z is L¯ij. If H0(Z,L12) = H0(Z,L21) = 0 then we have H0(X, Ext1(ΩX ,OX)) = 0.
Proof. Since étale locally we are in the situation of the Proposition 5.11, we have Ext1(ΩX ,OX) = i∗E
where E is a rank two vector bundle on Z and i : Z → X is the inclusion. We can again degenerate
the inclusion Z → X to the normal cone, this degenerates E to some other line bundle E′, and by
semi-continuity it will be enough to show that E′ does not have global sections on Z. We are now
assuming that X = N ; again we can degenerate N to ε¯∗L1 ⊕ ε¯∗L2, hence we are now in the set-up
of Proposition 5.11, and E′ degenerates to L12 ⊕ L21. By our assumptions the latter has no non-zero
global sections. 
We are ready to prove the main result of this section.
Theorem 5.13. If g+n > 4, over an algebraically closed field of characteristic zero, the coarse moduli
space Mg,n is rigid.
Proof. By Theorem 5.5 we know that Mg,n does not have locally trivial deformations. To conclude it
is enough to prove that H0(Mg,n, Ext1(ΩMg,n ,OMg,n)) = 0.
Now, Ext1(ΩMg,n ,OMg,n) is a coherent sheaf supported on Sing(Mg,n). Let S3 ⊂ Sing(Mg,n) be the
union of all irreducible components which have codimension greater or equal to three. By Remark
5.2 there are no sections of Ext1(ΩMg,n ,OMg,n) supported on S3. By Proposition 5.7 we know the
codimension two components of Mg,n are Z6, Z4, Y , and W , and again there are no sections supported
on Z6 \ Z06 , since by Proposition 5.7 Z06 has codimension at least two in Z6, and similarly for Z4, Y ,
and W . Thus it will be enough to show H0(Z06 , Ext1(ΩMg,n ,OMg,n)|Z06 ) = 0 and similarly for Z04 , Y 0
and W 0. We will give in detail the proof for Z06 and sketch the other cases.
Let Z6 be the image inMg,n of [E6]×Mg−1,n+1 = Bµ6 ×Mg−1,n+1; let Zcan6 be its image inM
can
g,n ;
Zcan6 is the inverse image of Z6 in the canonical stack, with the reduced induced structure. Denote as
usual by ∆1 ⊂ Mg,n the divisor of rational tails, and let ∆can1 be its image in M
can
g,n . Consider the
commutative diagram
Bµ6 ×Mg−1,n+1 M1,1 ×Mg−1,n+1
Z6 ∆1 Mg,n
Zcan6 ∆can1 Mcang,n
p1
i
i2
i1 j1
f2 p2 q
f1
f
j2
where the horizontal arrows are closed embeddings, and the vertical ones are proper, finite morphisms.
Let U be the inverse image in Bµ6×Mg−1,n+1 of Z06 ; at all points of U , and their images, all the stacks
of the diagram are smooth and all vertical maps are bijective on points; we have that Ni|U = f∗Ni2|U
while f∗i∗2Nj2|U = f
∗
1 i
∗
1N
⊗2
j1|U since the morphism p1 is ramified along ∆1 of order two. Now we have that
Ni = pr
∗
1TM1,1|Bµ6 while p
∗
1Nj1 = pr
∗
1ψ
∨
1 ⊗pr∗2ψ∨n+1. To prove that H0(Z06 , Ext1(ΩMg,n ,OMg,n)|Z06 )) = 0
is equivalent, in view of Corollary 5.12 together with the fact that f over Z06 is finite and bijective on
points, to show that
H0(U,N⊗2i ⊗ (pr∗1ψ∨1 ⊗ pr∗2ψ∨n+1)⊗2|U ) = H0(U,Ni ⊗ (pr∗1ψ∨1 ⊗ pr∗2ψ∨n+1)⊗4|U ) = 0
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Since the complement of U in Bµ6 ×Mg−1,n+1 has codimension two, it is enough to prove that
H0(Bµ6×Mg−1,n+1, N⊗2i ⊗ (pr∗1ψ∨1 ⊗pr∗2ψ∨n+1)⊗2) = H0(Bµ6×Mg−1,n+1, Ni⊗ (pr∗1ψ∨1 ⊗pr∗2ψ∨n+1)⊗4)
are zero. By [Hac, Sections 2, 3] psi-classes are nef and big. To conclude it is enough to use Kodaira
vanishing [Hac, Theorem A.1].
For the components Z04 , Y 0,W 0 the relevant commuting diagram is obtained in the same way (by taking
images inMg,n in the second row and inMcang,n in the third row), but taking as first row the following
embeddings:
- for Z04 , Bµ4 ×Mg−1,n+1 →M1,1 ×Mg−1,n+1 where Bµ4 maps to the point [E4];
- for Y 0, A×Mg−1,n →M1,2×Mg−1,n+2 where A ⊂M1,2 is the closure of the locus parametriz-
ing triples (E, p1, p2) where (E, p1) is a smooth elliptic curve and p2 is a 2−torsion point in E;
- for W 0, A′ × Mg−2,n+1 → M2,1 × Mg−2,n+1 where A′ ⊂ M2,1 is the closure of the locus
parametrizing triples (C, p1) where C is a smooth genus 2 curve and p1 is apoint fixed by the
hyperellitpic involution.
We argue in an analogous way and use Theorem 5.9 instead of Corollary 5.12, and conclude as before
using the fact that ψ classes are nef and big. 
6. Automorphisms of Mg,n over an arbitrary field
In this section we will use the main results of Sections 1 and 3 to compute the automorphism groups
of Mg,n over an arbitrary field. In order to do this we will apply the theory developed in Section 1
taking A = W (K), that is the ring of Witt vectors over K, see [Wi] for details.
For our purposes it is enough to keep in mind that W (K) is a discrete valuation ring with a closed
point x ∈ Spec(W (K)) with residue field K, and a generic point ξ ∈ Spec(W (K)) with residue field of
characteristic zero.
Proposition 6.1. Assume that Aut(M
K
g,n)
∼= Sn where K is any field of characteristic zero. Then
Aut(M
K
g,n)
∼= Sn. Furthermore, if H0(MKg,n, TMKg,n) = 0 and M
Kp
g,n is rigid for some field Kp of charac-
teristic p then Aut(M
Kp
g,n)
∼= Sn.
Proof. By Lemma 1.2 there is an injective morphism of groups
χ : Aut(M
K
g,n)→ Aut(M
K
g,n)
The hypothesis Aut(M
K
g,n)
∼= Sn forces χ to be an isomorphism. Let A be a ring of Witt vectorsW (Kp)
of Kp and K its quotient field. Recall that char(K) = 0. By Theorem 1.6 we have an injective morphism
of groups
χp : Aut(M
Kp
g,n)→ Aut(M
K
g,n)
By the first part of the proof Aut(M
K
g,n)
∼= Sn, and χp is an isomorphism. 
Finally, we can prove analogue of Theorem 6.1 for the stackMg,n.
Proposition 6.2. Assume that Aut(M
K
g,n)
∼= Sn and H0(MKg,n, TMKg,n) = 0 for K any field of charac-
teristic zero. If for some field Kp of characteristic p the stackMKpg,n is rigid then Aut(M
Kp
g,n)
∼= Sn.
Proof. Let again A be a ring of Witt vectors W (K) of Kp with residue field K. Let φ ∈ Aut(MKpg,n) be
an automorphism. As in the proof of Theorem 6.1, the rigidity assumption and semi-continuity imply
that H0(MKpg,n, TMKpg,n) = 0 hence by Lemma 1.3 φ is the restriction of a unique φi ∈ Aut(M
Ai
g,n/Ai) for
every i ≥ 1. By Proposition 1.7 the automorphism φi induces an automorphism φ˜i ∈ Aut(MAig,n/Ai)
such that the restriction of φ˜i+1 to M
Ai
g,n is φ˜i. Thus, reasoning as in Theorem 1.6 there exists a unique
automorphism φ˜A ∈ Aut(MAg,n/A) inducing φ˜i for any i ≥ 0. Let φ˜|MKg,n be the restriction of φ˜ toM
K
g,n.
This construction yields and injective morphism of groups
χ : Aut(MKpg,n) −→ Aut(M
K
g,n)
φ 7−→ φ˜|MKg,n
Now, to conclude it is enough to argue as in the proof of Proposition 6.1. 
Now, we are ready to prove the main result of this section.
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Theorem 6.3. Let K be any field then
Aut(M0,n) ∼= Sn
for any n ≥ 5. Furthermore, if K is any field with char(K) 6= 2 then
Aut(Mg,n) ∼= Aut(Mg,n) ∼= Sn
for any (g, n) 6= (2, 1) such that 2g − 2 + n ≥ 3 and n ≥ 1. Finally, over any field of characteristic zero
we have that Aut(M2,1) ∼= Aut(M2,1) is trivial, and Aut(Mg) ∼= Aut(Mg) is trivial for any g ≥ 2.
Proof. Let us begin with the genus zero case. If K is any field of characteristic zero the statement follows
from Theorem A.1 and the first part of Proposition 6.1. If K is any field of positive characteristic then
by Theorem 3.1 M
K
0,n is rigid and H0(M
K
0,n, TMK0,n
) for n ≥ 5. Now, to conclude it is enough to apply
the second part of Proposition 6.1.
The statement for (g, n) 6= (2, 1), 2g − 2 + n ≥ 3 and n ≥ 1 follows by Propositions 6.1, 1.7 together
with Theorem A.2. Finally, Propositions 6.1, 1.7 and Remark A.3 yield the result for (g, n) = (2, 1) and
g ≥ 2, n = 0. 
By [Pe, Proposition 4.2.8] any group scheme over a field of characteristic zero is reduced. However, in
positive characteristic a group scheme is not necessarily reduced. For instance in [Li] there are examples
of non-reduced Picard schemes. By Theorem 6.3 we know that over any field of positive characteristic
Aut(M0,n) ∼= Sn for any n ≥ 5. A priori this is not enough to conclude that Aut(M0,n) is reduced.
Anyway we have the following proposition.
Proposition 6.4. Let K be a field of positive characteristic. Then Aut(M0,n) is reduced.
Proof. The tangent space of Aut(M0,n) at the identity is given by
T[Id] Aut(M0,n) ∼= H0(M0,n, TM0,n)
If n ≥ 5, by Theorem 3.1 we have dim(T[Id] Aut(M0,n)) = h0(M0,n, TM0,n) = 0. So Aut(M0,n) is
reduced. If n = 4 then Aut(M0,4) ∼= PGL(2) which is reduced as well. 
Appendix A. Automorphisms of Mg,n over algebraically closed fields
In this appendix we essentially extend the main result of [Ma] on the automorphisms of Mg,n and
Mg,n working on an algebraically closed field K with char(K) 6= 2.
Let us begin by discussing the case g = 0. In [BM] A. Bruno and M. Mella, thanks to Kapranov’s works
[Ka2], managed to translate issues on the moduli space M0,n in terms of classical projective geometry
of Pn−3. Studying linear systems on Pn−3 with particular base loci they derived a theorem on the
automorphisms of M0,n over an algebraically closed field of characteristic zero.
Theorem A.1. [BM, Theorem 3] Let K be an algebraically closed field of characteristic zero. Then the
automorphism group of M0,n is isomorphic to Sn for any n ≥ 5.
In [Ma] a similar result is proven forMg,n over the field C of complex numbers. However, the proof of
[Ma, Theorem 3.10] works over any algebraically closed field K with char(K) 6= 2. This is just because
[GKM, Theorem 0.9] works over any algebraically closed field of characteristic different from two and a
general n-pointed genus g is automorphism-free if 2g − 2 + n ≥ 3.
Theorem A.2. Let K be an algebraically closed field with char(K) 6= 2. If 2g − 2 + n ≥ 3, g ≥ 1 and
(g, n) 6= (2, 1) then
Aut(Mg,n) ∼= Aut(Mg,n) ∼= Sn
Remark A.3. By [Ma, Proposition 3.6, Theorem 4.4], if K is algebraically closed of characteristic zero
we have that Aut(M2,1) ∼= Aut(M2,1) is trivial. Furthermore, by [Ma, Proposition 3.5, Theorem 4.4]
we have that Aut(Mg) ∼= Aut(Mg) is trivial for any g ≥ 2. The proofs are based on Royden’s theorem
[Moc, Theorem 6.1] which works just over an algebraically closed of characteristic zero .
Remark A.4. Let K be an algebraically closed field with char(K) 6= 2, 3. By [Ma, Proposition
4.5] we have Aut(M1,2) is trivial. Indeed, if char(K) = 0 by [Hac, Theorem 2.1] T[Id] Aut(M1,2) ∼=
H0(M1,2, TM1,2) = 0. Finally, since M1,1 ∼= P1 and M1,1 ∼= P(4, 6) we have Aut(M1,1) ∼= PGL(2),
while Aut(M1,1) ∼= K∗.
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